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VIX Time-Series: Stylized facts/Statistics

VIX Futures: Stylized facts/Statistics

VIX ETNS (VXX, XIV) synthetic (futures, notes)

Modeling the VIX curve and implications to ETN trading/investing



The CBOE S&P500 Implied Volatility Index (VIX)

* Inspired by Variance Swap Volatility (Whaley, 90’s)
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* Here OTM(K,T,S) represents the value of the OTM (forward) option with strike K, or ATM if S=F.

* In 2000, CBOE created a discrete version of the VSV in which the sum replaces the integral and the
maturity is 30 days. Since there are no 30 day options, VIX uses first two maturities™
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* My understanding is that recently they could have added more maturities using weekly options as well.



VIX: Jan 1990 to July 2017
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VIX Descriptive Statistics

VIX Descriptive Stats D Fitted VIX Peaks over 25%
Mean 19.51195 O o eio
Standard Error 0.094278
Median 17.63

Mode 11.57
Standard Deviation 7.855663
Sample Variance 61.71144

Kurtosis 7.699637 3

Skewness 2.1027

Minimum 9.31

Maximum 80.86 e % ym % % 70 0

e Definitely heavy tails
e Vol risk premium theory” implies long-dated futures prices should be above the average VIX.

* This implies that the typical futures curve should be upward sloping (contango) since mode<average



s VIX a stationary process (mean-reverting)?
Yes and no...

* Augmented Dickey-Fuller test rejects unit root if we consider data since 1990.
MATLAB adftest(): DFstat=-3.0357; critical value CV=-1.9416; p-value=0.0031.

e Shorter time-windows, which don’t include 2008, do not reject unit root

* Non-parametric approach (2-sample KS test) rejects unit root if 2008 is included.



VIX Futures (symbol:VX)

Contract notional value =VX X 1,000

Tick size= 0.05 (USD 50 dollars)

Settlement price = VIX X 1,000

Monthly settlements, on Wednesday at 8AM, prior to the 3™ Friday (classical option expiration date)
Exchange: Chicago Futures Exchange (CBOE)

Cash-settled (obviously)

VIX

VX3

VX1 VX2

Each VIX futures covers 30 days of volatility after the settlement date.
Settlement dates are 1 month apart.

Recently, weekly settlements have been added in the first two months.



VIX Central

Questions and Feedback

W Follow @VixCeniral

VIX futures 6:30 PM
Thursday Sep 14, 2017

VIX Futures Term Structure
Source: CBOE Delayed Quotes
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Constant maturity futures (x-axis: days to maturity)
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Partial Backwardation: French election, 15t round
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Term-structures before & after French election

VIX Futures Historical Prices
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VIX futures:

later
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A stylized description of the VIX futures cycle

Start here

Markets are “"quiet”, volatility is low , VIX term structure is in contango (i.e. upward sloping)

Risk on: the possibility of market becoming more risky arises; 30-day S&P implied vols rise

VIX spikes, CMF flattens in the front, then curls up, eventually going into backwardation

Backwardation is usually partial (CMF decreases only for short maturities), but can be total in extreme cases (2008)
Risk-off: uncertainty resolves itself, CMF drops and steepens

Most likely state (contango) is restored

End here



Statistics of VIX Futures Curves

* Constant-maturity futures, V7, linearly interpolating quoted futures prices

V X} (t)= kth futures price on date t, VXo= VIX, 19 =0, 1= tenor of kth futures
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PCA: fluctuations from average position

* Select standard tenors 7, k = 0,30,60,90,120,150,180,210

 Dates: Feb 8 2011 to Dec 15 2016

8
ant:k = InV'™ + Z a; Pk
=1

» Slightly different from Alexander and Korovilas (2010) who did the PCA of 1-day log-returns.

Eigenvalue % variance expl

1 72
2 18
3 6
4 1

5to 8 <1
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o Histogram of 1st PCA Weight

Mode is negative
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ETFs/ETNs based on futures

* Funds track an “investable index”’, corresponding to a rolling futures strategy

* Fund invests in a basket of futures contracts

N
df — rdt + z a; aF; a; = fraction (%) of assets in ith future
I F;
=1
* Normalization of weights for leverage:
N
a; = p, S = leverage coefficient
i=1



Average maturity of futures is fixed

* Assume f§ =1, let b;=fraction of total number of contracts invested in it" futures:

n; Ia;
bi — = —l.
xnj  Fj

 The average maturity 0 is typically fixed, resulting in a rolling strategy.

N N
6 :Zbi (Ti—t) ZEbiri
i=1 i=1



Example 1: VXX (maturity = 1M, long futures,

daily rolling)

Notice that since
we have

Hence

dl

I

= rdt +

b(t)dF; + (1 — b(t))dF,

b(t)F; + (1 — b(t))F,

Ve = b(t)F, + (1 — b(t)F,

dvPf = b(t)dF, + (1 — b(t))dF,+ b'(t)F; — b'(t)F,

dvy

b(t)dF, + (1 — b(t))dF,

F, —F

Weights are based on 1-M
CMF, no leverage

T,—t—0

b(t) = =T,

6 = 1 month = 30/360

dt

ve

b(OF, + A —b(O)F, | bOF +(1-bO)F, T,-T,




Dynamic link between Index and CMF
equations (long 1M CMF, daily rolling)

dl rdt 4 b(t)dF; + (1 — b(t))dF,
I b(t)F; + (1 — b(t))F,

dvy F, — F dt
=rdt+ 7~
Ve bOF+A-b)F, T,— Ty
dl dve ln VT Slope of the CMF is
— =rdt+ — — L dt the relative drift
I Ve 0T .
t =0 between index and CMF




Example 2 : XIV, 1-M rolling futures

This is a fund that follows a DAILY rolling strategy, sells futures, targets 1-month maturity

7=’rdt—v—t9+ 32 th 6 = 1 month = 30/360
T:

In order to maintain average maturities/leverage, funds must “‘reload’” on futures, which keep tending
to spot VIX and then expire. Under contango, long ETNs decay, short ETNs increase.




Stationarity/ergodicity of CMF and
consequences

Integrating the /-equation for VXX and the corresponding J-equation for XIV (inverse):

_ /A3 tdIlnvlds
VXXy— e rtVXXt = VXX, [1 — V—}exp (— fO py )]

_ vE tdInvds
e"TtXIV, — XIV, = X1V, [V—(t’rexp (fo ™ )—1]

d In vo
0t
short-and-hold VXX produce sure profits in the long run, with probability 1.

Proposition: If VIX is stationary and ergodic, and E ( ) > 0, static buy-and-hold XIV or




iPath S&P 500 VIX ST Futures ETN (VXX) 4282 -0.78(-1.79%) As of September 15 4:00PM EDT. Market closed.
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Taking a closer look, last 2 1/2 years

iPath S&P 500 VIX ST Futures ETN (VXX) 42.82 -0.78 (-1.79%) As of September 15 4:00PM EDT. Market closed
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Velocity Shares Daily Inverse VIX STETN (XIV) 8961 +169 (192%) Asof September 15 400PM EDT. Market closed.

+ Add Indicator - Comparison | 1d 5d 1m am 6m YTD 1y 2y 5y 10y Max B~ | ®f Area v () Settings | © Reset
< 100.00
XV 13.89 : ko rea
14.31 Il’
13.89 H
13.33 § | | |
14.43 A | n
41.11M : YA 50
25.80% | Al |'
' e pen | {
p"'lf'- | 70.00
i
ad
;."l\" IFII
l,f 60.00
li|
china ' 5000
A
.'l"\. W |II“':M-I |'I i
J -“'. i |'I\hI | | II
{ I AR |
N | fid LI | trump 40.00
H ll|I || I| 1 "‘l Ir\"l | I|II I|I
,."'ll \ || (;/| I| | . _f"\n"lll Il“"".||I III ||
A rL"'Ilnllu .-';l [ -'IF | A '_'I | breXIt 'II. I'-JI III
SN AN A lf Yy o A/
i \ Ad 1 L' { | / | / 30.00
AR A "\ war AW
,l'p\-' .l"h".__..' |‘l |I II| | II| IIII| | .ﬂ\l.-'" '| /
f I' ! I l"l || f W I f 1 / I| II
. l,." ! \ I a’"l |/
~N / ' \ / !
A \ ¢ 20.00
: - ()' N LY, l'.."/".. "l
;r/v\“-'-. ,"II -\\\ |II '"'
™ r ;
S YN S ;

10.00

2011 Aug T 12 2013

2015

B

2017



Modeling CMF curve dynamics

VIX ETNs are exposed to (i) volatility of VIX (ii) slope of the CMF curve
We propose a stochastic model and estimate it.

1-factor model is not sufficient to capture observed "partial backwardation” and "bursts”
of volatility

Parsimony suggests a 2-factor model
Assume mean-reversion to investigate the stationarity assumptions

Sacrifice other "stylized facts’ (fancy vol-of-vol) to obtain analytically tractable formulas.




"Classic’ log-normal 2-factor model for VIX

VIXt - exp(X1 t + XZ t)
Xm = GldW1 + kl(‘u.l - Xl)dt
dX2 = O-ZdWZ + kz(‘uz - Xz)dt

dWl dWZ = p dt

X, = factor driving mostly VIX or short-term futures fluctuations (slow)

X, = factor driving mostly CMF slope fluctuations (fast)

These factors should be positively correlated.



Constant Maturity Futures

Ensuring no-arbitrage between

VT = EUVIX,} = E%exp(X{, + X, )} E;J;L;res, Q = “pricing measure” with
o _R _ _R _ E.Te—_kj‘l'
vt=v exp e 1T(X1 _ /11) te ZT(XZ _ MZ) Z]l 1 ki+k; 0i0;jPij

"Overline parameters’ correspond to assuming a linear market price of risk, which makes the
risk factors X distributed like OU processes under Q, with “‘renormalized’” parameters.

Estimating the model means finding ky, 1, ko, iy, k1, i1y, k3, iz, 01, 05, p, V™ using historical data



Estimating the model, 2011-2016 (post 2008)

* Kalman filtering approach

Estimated © Estimated ©
Input data: 2/2011 to 12/2016, Input data: 2/2011 to 12/2016,
with VIX and CMFs 1m to 7Tm. with VIX, 3m and 6m CMFs.
iy | 3.8103 | iy 3.2957 iy | 3.8094 | 3.2524
m1 | 1.1933 ||x, 0.4065 | 1.0215 | |k, 0.3219
Ko | 10.8757 ||k2 13.1019 Ko | 10.8739 | k2 13.0799
p | 0.4462 p | 0.4266




Estimating the model, 2007 to 2016 (contains
2008)

Estimated & Estimated &

Input data: 7/2007 to 7/2016. Input data: 7/2007 to 7/2016,
with VIX and CMFs 1lm to Gm. with VIX, Im and Gm CMFs.
jip | =G.6216 | =T.1367 iy | 24581 | iy 1.8685

jia | 97372 | ps 0. T60s fia | L8002 | ps (.75H55
fy | L6543 | |x, 0. 2010 Ry | 05505 || &y TRIIE]
fa | 59052 ||k 0.9359 Fa | 10,0013 || &4 12,3600
ey | LH5H25 iy | 0.4294

o | (L9802 s [ (.7998

7| OG0l OO




Stochastic differential equations for ETNs (e.g.
VXX)

dl dvg aInVf Substituting closed-form solution
- =rdt+ ~ dt in the ETN ind ti t:
I VB 0T In the Index equation we get:
t =0
i 2 2
T =rdt+ Z e‘kieaidWi + 2 e‘kie[ (El — ki)Xi + (kl-ui — Elﬁl)] dt
i=1 =1
2 — —
k:O[7 2 = y2 ~kitp =KiT 5. 5. . .
Equilibrium local drift = z e kiOlk;(u; — @) +r of = Xji=1€ "fe " 0yjpy

i=1




Results of the Numerical Estimation for VIX ETNs:
Model’s prediction of profitability for short VXX/long X1V, in equilibrium

Jul 07 to Jul 16 Jul 07 to Jul 16 Feb 11toDec16 |Feb 11 toJul 16

VIX, CMF 1M to 6M |VIX, 1M, 6M VIX, CMF 1M to 7M |VIX, 3M, 6M
Excess Return 0.30 0.32 0.56 0.53
Volatility 1.00 0.65 0.82 0.77
Sharpe ratio (short trade) 0.29 0.50 0.68 0.68

Notes :

(1) For shorting VXX one should reduce the “excess return’ by the average borrowing cost which is 3%.
It is therefore better to be long XIV (note however that XIV is less liquid, but trading volumes in XIV are
increasing.

(2) Realized Sharpe ratios are higher. For instance the Sharpe ratio for Short VXX (with 3% borrow) from Feb 11
To May 2017 is 0.90. This can be explained by low realized volatility in VIX and the fact that the model predicts
significant fluctuations in P/L over finite time-windows.



Variability of rolling futures strategies predicted by
model (static ETN strategies).

Simulated 1 Month ETN

Simulated 1 Month invETN
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Model also applies to dynamic asset-
allocation

* Assuming HARA (power-law), Merton’s problem reduces to solving
Linear-quadratic Hamilton Jacobi Bellman equation, which has
an explicit solution.

‘myopic’ drift

 We find that optimal investment in VIX ETPs, then looks like

‘////////////’ ‘//////////////////// term

const. (of 0lnV®
- + AX]_ + BXZ

H(Xli XZ) =

of \ 2 0T

1 olnv?
=—\a a a anT)
of ( 0 T ot +a

Conclusion : Trading strategies should be “learnt’ from the (i) slope of the curve AND (ii) the VIX level.



Happy birthday Jim!



